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will occur, for an impurity radius such that the attrac­
tive and repulsive potentials are of comparable mag­
nitude. Such a minimum apparently occurs in Ge for 
ions with a radius of approximately 1 A, which corre­
sponds rather closely to that of Cu (0.96 A). The 
activation energy for the diffusion of Cu in Ge is 0.33 
eV or less.1 The diffusion activation energy for Li, 
which has a considerably smaller ionic radius (0.62 A) 
is approximately 0.5 eV. The situation may be quali­
tatively similar in rutile with the minimum activation 
energy occurring at a somewhat smaller ionic radius. 
If the ionic radius of Li corresponds roughly to such a 

TH E thermoelectric and thermomagnetic properties 
of Bi-Sb alloys have recently received consider­

able attention.1 However, little has been done in 
characterizing the basic band structure and transport 
properties of these alloys, nor have they been used 
extensively to understand the basic properties of 
bismuth.2,3 By performing transport measurements on 
doped and undoped BigsSb^ alloys, our purpose was to 
ascertain (1) the value of the thermal gap, (2) the 
number of Te atoms required to produce one additional 
free electron, (3) the valley multiplicity of the con­
duction band, and (4) the electron mobility tensor 
components. Conclusions based on resistivity, Hall and 
Seebeck coefficient data were checked against magneto-
resistance data. 

1 G. E. Smith and R. Wolfe, J. Appl. Phys. 33, 841 (1962); R. 
Wolfe and G. E. Smith, Appl. Phys. Letters 1, 5 (1962); R. Wolfe, 
Semicond. Prod. 6, 23 (1963); C. F. Gallo, B. S. Chandrasekhar, 
and P. H. Sutter, J. Appl. Phys. 34, 144 (1963); S. R. Hawkins, 
J. H. Harshman, and G. M. Enslow, Bull. Am. Phys. Soc. 7, 621 
(1962). 

2 H. Jones, Proc. Roy. Soc. (London) A147, 396 (1934); D. 
Shoenberg and M. Z. Uddin, ibid. A156,687 (1936); N. Thompson, 
ibid. A155, 111 (1936); A164, 24 (1937); V. Heine, Proc. Phys. 
Soc. (London) A69, 513 (1956). 

3 A. L. Jain, Phys. Rev. 114, 1518 (1959). 

minimum in rutile, any lattice strain would be likely 
to increase the diffusion activation energy. This also 
would account for failure to detect diffusion of Na + 

(ionic radius 0.97 A). Also, the difference in saddle-point 
configuration due to the anisotropy of rutile explains, 
at least qualitatively, the observed difference in dif­
fusion rates parallel and perpendicular to the C axis. 

The ease with which diffusion activation energy can 
be measured in this material and the extreme mathe­
matical simplicity of the data analysis suggests that 
this system may be a very useful one for purposes of 
comparison with theory as it is developed. 

5 The semimetallic properties of bismuth are caused by 
- slightly overlapping electron-hole bands. The con-
i ventional model is represented by a single-hole band 
t on the trigonal axis with a density of states effective 
1 mass of 0.16 m0, overlapping three- or six-electron 
f ellipsoids located on the binary axes, but tilted slightly 
I out of the basal plane. Many other more complicated 
) models have been proposed because a vast and some-
^ what confusing amount of information has been pub-
1 lished on the band structure and electrical properties 

of bismuth. However, there now appears to be relatively 
r consistent agreement on the values for the effective 
1 masses of electrons on the Fermi surface. Further 
- verification concerning the exact number of equivalent 

electron constant energy surfaces has been impeded by 
recent and often contradictory observations relating to 

!, the total electron concentration and the magnitude of 
' the direct optical-band gap between the electron-band 
1 minimum and the valence band. The present situation 

is summarized in Table I where ah «2, and a3 are the 
, eigenvalues of the reciprocal effective mass tensor; 
;* (w) /w 0 = (ai<x2az)~~113 is the density of states effective 

mass for a parabolic band, E is the Fermi energy, Eo is 
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Galvanomagnetic and thermoelectric measurements have been performed on doped and undoped BissSbu-
alloy single crystals. The thermal gap, obtained from the temperature variation of resistivity on high-purity 
n- and ^>-type samples, is 0.024=b0.003 eV, a significantly larger value than the previously measured maxi­
mum gap (0.014 eV) for this system. Hall data on Te-doped samples indicate that two Te atoms must be 
added to the crystal to add one additional free electron. Transport properties have been analyzed for Te-
doped samples at 20 °K, using a multivalley conduction band. The magnitudes of the Seebeck and Hall co­
efficients indicate that most of the electrons must reside in three (not six) bismuth-like tilted ellipsoids. 
However, the lack of agreement between experiment and calculations based on the three-ellipsoid model for 
the ratio P33,11^33,33 suggests the possible existence of a small number of electrons in an additional electron 
ellipsoid along the trigonal axis. 

INTRODUCTION BACKGROUND—BISMUTH 
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TABLE I. Electrons in bismuth, T=4°K. 

Method or model 

de Haas-van Alphena 

Cyclotron absorptionb 

Cyclotron absorption c 

Infrared absorption*1 

de Haas-van Alphene 

Hall coefficientf 

Cyclotron and optical absorption8 

Gal vanomagnetic * 
Cyclotron absorption3 

NENP> 
Cyclotron absorptionk 

NENP k 

EP k 

Magneto-optical1 

Magneto-opticalm 

Bi-Sb alloys11 

Infrared reflectivity0 

ai 

417 
167 
114 
133 
202 

119 

162 

141 

<22 

0.396 
0.99 
0.56 
0.59 
0.86 

0.57 

0.765 

0.584 

« 3 

40.8 
101 
47 
91 
71 

103h 

87 

87.3 

(m)/mo 

0.053 
0.039 
0.070 
0.052 
0.043 

0.052 

0.045 
0.045 
0.052 
0.052 
0.052 

JB(eV) 

0.018 
0.018 

0.022 

(0.025)i 

(0.022) * 
(0.022)« 
0.022 
0.025 

0.027 

EQ(eV) 

0.046 

(0.015)i 

(0.044)i 

0.024 
0.015 
0.007 

iV/1017 

2.5 

4.4 
5.8 

<4.1 
3.9 
2.5 

n/1017 

(calculated) 

0.8 

1.3 
1.8* 

a D. Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939): Phil. Trans. Roy. Soc. London A245, 1 (1952). 
b J. E. Aubrey and R. G. Chambers, Phys. Chem. Solids 3, 128 (1957). 
«J. K. Gait, W. A. Yager, F. R. Merritt, B. B. Cetlin, and A. D. Brailsford, Phys. Rev. 114, 1396 (1959). 
<* See Ref. 14. 
• See Ref. 6. 
f See Ref. 8. 
e Based on a reinterpretation of data in Refs. c and d. See Ref. f. 
h The eigenvalues of the reciprocal electron effective-mass tensor published in Ref. f Eq. (4) (0:1,2,3 =119, 2.05, 101) are incorrect. The authors are in 

agreement with this correction. 
*See Ref. 11. 
J See Ref. 7. 
kSee Ref. 9. 
»W. E. Engeler, Phys. Rev. 129, 1509 (1963). 
m R. N. Brown, J. G. Mavroides, and B. Lax, Phys. Rev. 129, 2055 (1963): a previously published energy gap of £0 =0.047 eV [R. N. Brown, J. G. 

Mavroides, M. S. Dresselhaus and B. Lax, Phys. Rev. Letters 5, 243 (I960)] is corrected here. 
n See Ref. 3. 
°L. C. Hebel and P. A. Wolff, Phys. Rev. Letters 11, 368 (1963). 
P The calculated n =1.35 X1017/cc in Ref. 9 [Eq. (31)] contains an error. The author agrees. 
<i Values used in calculations but obtained from other publications. 

the value of the optical gap, and N is the total electron 
concentration. 

It has been shown that the electronic Fermi surface 
is not strictly ellipsoidal-parabolic (EP). A non-
ellipsoidal, nonparabolic (NENP) model of the con­
duction-band ellipsoids for which the tensor mass com­
ponents depend on the energy, proposed by Cohen4 

and Lax5, has been used by Weiner,6 Smith,7 Jain and 
Koenig,8 and Kao9 in various analytical forms to calcu­
late carrier population per ellipsoid. 

The problems of interpretation using this NENP 
model are twofold. First of all, this model has never 
been successfully tested. Many workers have inter­
preted their experimental results assuming that the 
model is correct a priori. The second problem is the 
determination of the direct gap between the valence 
band and the conduction-band minimum which governs 
the amount of nonparabolicity in the electron valleys 
and, subsequently, the total population of carriers in 

4 M . H. Cohen, Phys. Rev. 121, 387 (1961). 
5 B. Lax, Bull. Am. Phys. Soc. 5, 167 (1960); B. Lax, J. G. 

Mavroides, H. J. Zeiger, and R. J. Keyes, Phys. Rev. Letters 5, 
241 (1960); B. Lax and J. G. Mavroides, Advances in Solid State 
Physics (Academic Press Inc., New York, 1960), Vol. 11; B. Lax, 
The Fermi Surface (John Wiley & Sons, Inc., New York, 1960). 

6 D . Weiner, Phys. Rev. 125, 1226 (1962). 
7 G. E. Smith, L. C. Hebel and S. J. Buchsbaum, Phys. Rev. 

129, 154 (1963); G. E. Smith, Phys. Rev. Letters 9, 487 (1962). 
8 A. L. Jain and S. H. Koenig, Phys. Rev. 127, 442 (1962). 
9 Yi-Han Kao, Phys. Rev. 129, 1122 (1963). 

each valley. Depending on the values chosen for E, 
Eo, and (m) (Table I), the calculated carrier concen­
tration per ellipsoid n can easily vary by a factor of 2, 
as seen in a summary of Kao's9 and Smith's7 results in 
Table I. The largest n, which naturally comes from an 
EP model calculation, is also included. One can obtain 
a valley multiplicity ranging from 2 to 7 using these 
numbers for n and the various N's in Table I. 

The experimental values for N are fairly scattered. 
For instance, Weiner's value of JV=5.8X1017/cc seems 
unusually high. This value of N was obtained by de 
Haas-van Alphen measurements on a series of Te-
doped bismuth samples with the assumption that each 
added Te atom adds one electron and that there are, 
therefore, six complete ellipsoids. This assumption has 
already been questioned by Jain and Koenig.8 Our 
experiments with Bi-Sb alloys show that it takes two 
Te atoms to produce one added electron and that most, 
if not all, of the electrons must reside in three bismuth­
like tilted ellipsoids. 

EXPERIMENTAL TECHNIQUES 

The methods used to grow the Bi-Sb alloy crystals 
have been described by Brown and Heumann.10 Pre­
cautions were taken to reduce the amount of consti­
tutional supercooling and resultant macro- and micro-

10 D. M. Brown and F. K. Heumann, J. Appl. Phys. 35, 1947 
(1964). 
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inhomogeneity that can normally occur while growing 
these alloy crystals. 

The growth conditions (temperature gradient at the 
growing interface of about 60°C/cm and a growth rate 
of between 0.4 and 1.6 mm/h) for the crystals used here 
represent a considerable improvement in the Bi-Sb 
compositional uniformity compared to crystals grown 
at much faster speeds (e.g., >5 mm/h). The degree of 
macrohomogeneity in these samples, as characterized 
by variations in Sb content averaged over millimeter 
distances, is 15±1% Sb. The degree of microhomo-
geneity is at worst 15 ± 3 % Sb through distances of 0.1 
mm as determined by electron beam microprobing. 

Single-crystal sections of the alloy ingots were ori­
ented by locating the basal plane perpendicular to the 
c or trigonal (3) axis by cleavage; and back-reflection 
x-ray Laue photographs of this cleavage surface were 
used to locate the binary (1) and bisectrix (2) axes. All 
sample cutting was done by using an electrical discharge 
machine which reduces the possibility of straining the 
samples. Measurements were made on oriented bars of 
typical dimensions 10X2X1.5 mm3. 

Hall measurements on bars cut with the longitudinal 
axis perpendicular to (3) afforded simultaneous meas­
urements of the two independent Hall coefficients Rs 

and Rp, where Rs is obtained by measuring the Hall 
effect when H is perpendicular to (3), but parallel to 
(1) or (2), and Rp is obtained by measuring Hall voltages 
when H is parallel to (3). The sign of these two Hall 
coefficients is determined by the sign of the potential 
developed in the I x H direction, which is according to 
convention. Measurements of Rs on pairs of samples 
with their lengths parallel or perpendicular to (3) was 
a good method of determining their electrical com­
patibility, as it is very unsafe to arbitrarily assume any 
degree of homogeneity in these alloys. 

Additional studies were performed to ensure electrical 
homogeneity. These included (1) sets of measurements 
at 20°K on many samples of the same type to test for 
electrical homogeneity and (2) Hall coefficient profiles 
at 20°K using wire pressure probes. Wood's metal solder 
was used for attaching thermocouples and electrical 
leads. Precautions were taken to ensure that the solder 
spot was small enough and far enough from the ends of 
the samples to eliminate effects due to shorting the Hall 
voltage. 

Most of the measurements were made at tempera­
tures of 20 °K or higher. This has three important 
advantages over measurements made at 4°K. (1) The 
low-field region in which the Hall voltage is propor­
tional to H and the magnetoresistance is proportional 
to H2 is extended to higher fields because the mobilities 
are lower. This situation makes the measurements 
easier because it increases the size of the signal and 
makes the measurements of magnetic field easier (with 
bismuth at 4°K, millimicrovolt sensitivities, and fields 

of about 1 G are required for the low-field region),11 

(2) The mean free paths are considerably reduced at 
20°K which helps eliminate effects due to sample size 
limitations. In order to eliminate size effects, the 
smallest dimension of our samples was at least 100 
times the mean free path at 20°K. Calculations by 
Ham and Mattis12 show that this is more than adequate. 
At 4°K much more massive samples would be re­
quired.11,13 (3) Higher temperatures also help to reduce 
the importance of impurity scattering. The absence of 
impurity scattering is important to the correctness of 
the analysis and theoretical model. It should be pointed 
out that the large dielectric constant in these materials 
(~ 100) w also helps considerably to reduce ionized 
impurity scattering. In addition, 20°K is a sufficiently 
low temperature to make our w-type BissSbis samples 
extrinsic semiconductors. 

A number of different measurements were made on 
our Bi-Sb alloys. These included measurements as a 
function of temperature of the two low-field Hall co­
efficients, the two independent Seebeck coefficients 
(Su and 6*33), and the two resistivity tensor components 
(pn and P33). The two Hall coefficients were also meas­
ured at 20°K as a function of magnetic field and five 
of the eight independent components15 of the second 
power magnetoresistance tensor were measured in the 
low-field region at 20°K. 

Measurements were made in a vacuum cryostat and 
by dip-stick techniques in liquid H2. Most of the 
temperature measurements were made with standard 
Cu-constantan thermocouples, though for T<60°K, 
carefully calibrated Cu versus Au-2.1% Co thermo­
couples were substituted, there being the advantage of 
greater sensitivity in this low-temperature range. 

All measurements were made using conventional dc 
techniques. Voltages were measured by type K-3 Leeds 
and Northrup potentiometer. Magnet calibration was 
done by using rotating-coil Rawson Type 824 and 720 
fluxmeters which had been previously calibrated using 
proton resonance. Careful field-reversing procedures 
were used in order to eliminate hysteresis effects. For 
fields below 100 G, the field was continuously monitored. 

EXPERIMENTAL RESULTS 

All the measurements presented here were done on 
BissSbis alloys. Thermal gap measurements indicate 
that the gap at this concentration is sufficiently large 
to make one type of carrier transport, electrons or holes, 
predominate at 20°K. Such a situation lends itself well 
to a simpler type of band-structure analysis than that 
which must be used when both types of carriers are 
present. 

11 R. N. Zitter, Phys. Rev. 127, 1471 (1962). 
12 F. S. Ham and D. C. Mattis, IBM J. Res. and Develop. 4, 

143 (1960). 
13 A. N. Friedman and S. H. Koenig, IBM J. Res. and Develop. 

4, 158 (1960). 
14 W. S. Boyle and A. D. Brailsford, Phys. Rev. 120,1943 (1960). 
16 H. J. Juretschke, Acta Cryst. 8, 716 (1955). 
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Figures 1, 2, and 3, which are respective plots of 
resistivity, Hall coefficients, and Seebeck coefficients 
versus 1/T, exhibit the general semiconducting, albeit 
very narrow band gap, nature of this alloy. At 300°K 
all these alloys, doped and undoped, have negative 
Seebeck coefficients and negative Hall coefficients. 

The features of the curves in Figs. 1-3 can be under­
stood qualitatively as follows. Because of the small 
thermal gap and because the relative ratio of hole to 
electron masses is greater than one, the Fermi energy 
at 300°K is very close to the electronic band edge. All 
these samples are n type at 300°K because the average 
electron mobilities are higher than those of holes. As 
the temperature is lowered, each sample becomes 
extrinsically n or p type depending on the ratio of 
donor-to-acceptor impurities. It must be pointed out 
that relatively low concentrations of impurities may 
produce impurity banding in these systems because of 
the large dielectric constant and small effective masses. 
A hydrogenic model indicates impurity activation 
energies of only 7 X 10~5 eV. 

Investigations for traces of Pb, Sn, and Te indicate 
that in the undoped alloys the impurity concentrations 
would be about 5 ppm for Pb and less than 2 ppm for 

Bias Sb •• 

BieeSb,j 
B i w Sb, , 

o C 

A = UNDOPED N TYPE 
B = UNDOPED P TYPE 
C = DOPED N TYPE (Te) 
D= DOPED P TYPE ISn) 
•E * JAIN 

20 40 60 80 

I / T x l 0 3 INCK"» 

120 

FIG. 1. Resistivity pn versus 1/T. Samples A, B, C are BissSbis 
alloys which are undoped n- and />-type crystals and an w-type 
crystal intentionally doped with Te, respectively. Crystal D is a 
Bis8Sbi2 crystal purposely doped with Sn to make it _£-type. 
Sample E, dashed curve, is the curve used by Jain3 to ascertain a 
maximum thermal gap of 0.014 eV for the Bi-Sb solid solution 
system. 
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100 

FIG. 2. Hall coefficients R8 and Rv versus 1/T for samples A, 
B, and C which are BissSbis alloys; undoped n- and _/>-type crystals 
A and B, respectively j and intentionally Te-doped, w-type sample C. 

Sn and Te.16 The magnitude of Rs for the undoped 
samples is not inconsistent with these residual impurity 
concentrations. Samples A and B are pure, uninten­
tionally doped n- and ^>-type samples. For the undoped 
n- and />-type samples, the magnitude of the Seebeck 
coefficients at low temperatures is greater than 200 
fxV/°C (Fig. 3). The large magnitude of these positive 
and negative Seebeck coefficients, indicative of Fermi 
energies below band edges, is convincing evidence that 
these alloys are real semiconductors (see Appendix). 
Samples C and D are, respectively, doped n-type (Te 
doped, about 20 ppm) and ^-type (Sn doped, about 
100 ppm) crystals. A summary of some of the electrical 
characteristics of these 4 samples is given in Table II. 
Figure 1 includes Jain's data (curve E) for an 11% Sb 
alloy from which he deduced a maximum thermal gap, 
EtJ of 0.014 eV for this system.3 

As shown in the figures, at temperatures below 80°K, 
the values of the resistivity, Seebeck coefficient, and 
the Hall coefficient are very sensitive to the nature and 
the amount of impurities. There is also a consistency 
in both the temperature dependence and sign of all of 
these coefficients associated with any particular sample. 

16 Chemical analyses performed by Ledoux and Company, 
Teaneck, New Jersey. 
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TABLE II . Galvanomagnetic and thermoelectric parameters in Biss Sbu alloys at T = 20.4°K. 

Sample 

A 
Undoped n 

B 
Undoped p 

C 
Te-doped n 

D 
Sn-doped p 

Bl88 Sbl2 

Longitudinal 
orientation 

<2> 

(3) 

<2> 

<D 
<3> 

<1> 
<3> 

Resistivity (0-
pn 

3.4 X10~3 

5.0 X10-3 

6.5 X10~5 

1.65 X10~4 

2.5 

4.5 

cm) 
P33 

xio-3 

X10~6 

1.65 X10~4 

Hall constant 
(cm3/C) 

Rs Rp 

-1300 

-1300 

+ 1140 

- 1 2 

-13.5 

+25.5 

+33 

- 5 6 

+ 100 

-0 .58 

+ 1.2 

Thermoelectric 
0*V/°C) 

5n 

- 2 6 2 a 

+250 

-22.5 

+ 16 

power 

5*33 

- 1 8 

+ 18 

«At25°K. 

These observations are not in agreement with the sign 
of the Hall coefficients as measured by Jain3 on samples 
of this composition.17 According to Jain, Rs is positive for 

-wo 

-zoo 

-3001 
30 40 

I I 0 3 IN • * - ' 

FIG. 3. Seebeck coefficient Sn versus 1/T for samples A, B, and 
C which are BigsSbis alloys; undoped n- and p-type crystals A 
and B, respectively; and intentionally Te-doped n-type sample C. 

17 Our results are in agreement with the Rs measurements on 
undoped 5 and 12% Sb alloys made by Kooi and Cuff et al. [J. H. 
Harshman, S. R. Hawkins, R. B. Lorst and J. L. Weaver, Lock­
heed Missies and Space Company, Interim Engineering Report 
No. 3, March 1962 (unpublished)] who find Rs to be negative for 
T>77°K. See also G. A. Ivanov and A. M. Popov, Fiz. Tverd. 
Tela 5, 1754 (1963) [English transl.: Soviet Phys.—Solid State 5, 
2409 (1964)]. 

all temperatures when the composition is greater than 
3% Sb; whereas, Rp is always positive above 25 °K, but 
positive or negative below 25 °K according to whether 
the composition is, respectively, less than or greater 
than 11.5% Sb. 

THERMAL ENERGY GAP, Et 

Figure 1 shows a continuous increase in slope, pro­
ceeding from the undoped ^-type specimen through the 
undoped p-type sample to the doped p-type sample. 
The situation is reminiscent of that which occurs in 
InSb where the electron to hole-mobility ratio is large 
and the conductivity in the exponential high tempera­
ture regions results from varying contributions of im­
purity and intrinsic conductivity.18 

To a first approximation, the slope of In (resistivity) 
versus 1/T plots for undoped samples will be less than 
or greater than Et/2k, depending on whether the sample 
is n type (curve A) or p type (curve B). In heavily 
doped p-type material (curve D), when the number of 
ionized acceptors approaches the intrinsic carrier con­
centration, the slope approaches a limiting value of 
Et/k. The thermal gap will therefore lie somewhere 
between that given by setting the slope of the lnp 
versus 1/T plots for the undoped samples equal to 
Et/2k.19 On this basis, the undoped n- and £-type 
samples give Et'$ of 0.021 and 0.027 eV, respectively. 
We therefore estimate that the gap for a BissSbis alloy 
is 0.024=L0.003 eV on the basis of these two n- and 
p-type undoped crystals. [The doped ^-type crystal 

18 N. B. Hannay, Semiconductors (Reinhold Publishing Cor­
poration, New York, 1959), p. 392. 

19 This assumes, of course, that the density of available states, 
and the mobilities of the carriers vary as T+p and T~p, respec­
tively. It also assumes the correctness of an exponential law rather 
than using Fermi functions. The first assumption seems reasonable 
for undoped samples when the temperature is between 80 and 25°K 
(exponential region, Fig. 1), where density of available states and 
mobilities would be expected to vary like T312 and T~z/2, respec­
tively. Using an exponential law rather than Fermi functions will 
give slightly larger values for Et, but even if Et is as small as 1 kT, 
the error is only about 12%. 
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(BissSb^), over the limited temperature range shown, 
yields £*=0.029 eV on the basis of an Et/k slope as 
shown by the dotted curve in Fig. 1.] The increase in 
measured gap over Jain's data may be due to (1) in­
creased Bi-Sb homogeneity and/or (2) smaller amounts 
of electrically active residual impurities. 

Te DOPING 

Six quantitative chemical analysis16 of material 
adjacent to and on either side of the slices from which 
the electrical samples were taken from the Te-doped 
ingot indicate an average Te concentration of 1.01 ±0.13 
X1018 Te atoms/cc. The Hall coefficients of a number 
of these Te-doped samples were carefully studied. The 
field variation of the two Hall coefficients is shown in 
Fig. 4. The Hall data were found to be essentially 
identical for these samples and Fig. 4 can be taken to 
represent a composite of the data. The error marks 
represent the variation obtained in Rs at 17 000 G for 
a number of measurements along the length of one 
sample obtained by moving small wire point probes. 

The interpretation of the Hall data is as follows. The 
doping is sufficiently heavy in this sample to make the 
number of holes P essentially zero. At low fields the 
large difference between Rp and Rs is due, of course, to 
the lack of crystal symmetry and the nature of the 
mobility tensor. However, at very high fields both 
Hall coefficients should be equal to (Ne)~l, where N 
is the total electron concentration.20 This condition is 
being approached in Fig. 4 even though fields sufficiently 
high to make Rp exactly identical to Rs were not 
available. Such behavior and the essential constancy 
of R8 with field indicates that Rs (200 G)<l/Ne^R8 

(20 000 G). The total electron concentration is then 
equal to N= (4.8d=0.6)X1017/cc, where the error in­
cludes the field variation of R8, sample to sample 
variations, and any possible inhomogeneity in Te con­
centration. This result, together with the results of the 
six quantitative analyses for Te, gives a ratio of Te 
atoms/cc to electrons/cc of 2.1 ±0.3. This means that 
two Te atoms must be added to the Bi-Sb lattice in 
order to produce one additional free electron. 

CONDUCTION BAND 

Assuming for the moment that the usual ellipsoidal-
parabolic model (EP) applies to the present situation, 
the number of equivalent electron valleys can be ob­
tained unambiguously from our data in the following 
manner. 

For the EP model, the carrier concentration N for a 
multivalley system with a degenerate Fermi carrier 
population is 

iY-^=^(29/27r/3^)wo3/2(aia2a3)-1/2£3/2, (1) 

where n is the carrier concentration per valley, B is the 

ioh 

0.1 

T*20.4°K 

SAMPLE C, DOPED N-TYPE (Te) 

_!_ _L 
10s I0 4 

MAGNETIC FIELD INTENSITY,H, IN GAUSS 

I08 

FIG. 4. The two independent Hall coefficients R8 and RP of 
the Te-doped BigsSbis alloy, sample C, versus H. 

number of equivalent valleys, aiazaz are the eigenvalues 
of the effective mass tensor, and E is the Fermi energy. 
Using anaicw3 product of 7247 Wo3, which is an average 
of the three most recent sets of effective-mass data for 
bismuth and which also represents the most often 
occurring density of states effective mass (0.052 mo) 
in Table I, one can calculate E for various valley 
multiplicities. B's of 2, 3, 6 give Fermi energies of 
0.027, 0.021, and 0.013 eV, respectively. The proper 
choice of E or B can be obtained by using the Seebeck 
coefficient data. 

The Seebeck coefficient for a single-type carrier model 
and acoustic-mode lattice scattering is given by21 

511=533=5=86.2{[2F1(€)/Fo(€)]-6}MV/0C, (2) 

where Fi and Fo are the usual Fermi-Dirac integrals of 
order 1 and 0, respectively, and e—E/kT. Notice that 
in this case the Seebeck coefficient is isotropic. This 
would not be so if other carriers were present at another 
band edge. For instance, the presence of holes in 
bismuth makes SSZ^L2SU.22 Samples cut along the (3) 
direction are very susceptible to stress, and crack 
easily. Because of this difficulty, we were not able to 
determine whether or not 533 was exactly identical to 
6*11. However, we were able to ascertain that Sw=Sn 
±20% below 50°K. The calculations of S versus 1/T 
using Eq. (2) and Fermi energies of E=0.03, 0.021, 
and 0.013 eV are compared in Fig. 3. (It must be 
recalled that the Hall coefficients and, therefore, N 
and E for this sample are constant below 50°K.) The 

20 J. A. Swanson, Phys. Rev. 99, 1799 (1955). 

21R. W. Ure, Jr., Thermoelectricity—Science and Engineering, 
edited by R. R. Hickes and R. W. Ure, Jr. (Interscience Pub­
lishers, Inc., New York, 1961). 

22 B. S. Chandrasekhar, Phys. Chem. Solids 11, 268 (1959). 
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curve for £=^0.021 eV fits the experimental data almost 
exactly. The error marks at 20°K indicates the spread 
in calculating the Seebeck coefficient at 20°K with a 
range of Fermi energies between 0.019 and 0.023 eV, 
which represents a calculated Seebeck coefficient of 
23 juV± 12%. E is therefore determined to be 0.021 
±0.002 eV, which indicates a probable valley multi­
plicity, B, of 3. 

Having determined E, we can now justify the as­
sumption that P<<GY at 20 °K. Since the thermal gap, 
as determined by the undoped alloys is (0.024±0.003) 
eV, the number of holes is then 

p = 2w~V2NvFm(- et-~ e)^Nv exp(- et-~ e), 

where 
N^lilirmhkT/h^l2 and u = Et/kT. (3) 

Equation (3) makes P<^N for reasonable hole effective 
masses between 0.1 mo and 2wo. In fact, the density-of-
states effective mass and/or multiplicity of hole bands 
would have to be impossibly high to make P=N. 
P<KN is also a good assumption for sample A. 

The previously given determination of ellipsoidal 
multiplicity is, of course, dependent on the accuracy 
of the EP model which assumes that the valleys are 
parabolic with a density-of-states effective mass inde­
pendent of energy. An estimate of the degree of non-
parabolicity in these bands, insofar as it affects the 
density of states effective mass, can be made by ex­
amining the carrier concentration in the undoped 
?2-type sample (sample A), where the Fermi energy is 
approximately lkT below the band edge at 25°K 
CE~—0.002 eV) as determined from the value of the 
Seebeck coefficient [Eq. (2)]. Using the 3 EP model 
and the carrier concentration as determined by Hall 
coefficient versus magnetic field (similar in nature to 
that shown in Fig. 4), an (m) of 0.044wo was calculated* 
This density-of-states effective mass should be char­
acteristic of the bottom of the valley. It is only slightly 
smaller than the 0.052w0 used above.23 An EP calcu­
lation using respectively (w) = 0.044mo and 0.052wo 
together with the minimum and maximum E, as esti­
mated from the Seebeck coefficient of Sample C (Te-
doped sample), gives 

1.1<»/1017<1.9. 

Since the Hall coefficient measurements (Fig. 4) give 

A7=(4.8±0.6)X1017/cc, 

the ellipsoidal multipicity B is therefore 

_ _ _ _ _ 2 < £ < 5 . 
23 It must be emphasized that the valley nonparabolicity in Bi 

and in Bi-Sb alloys containing less than 15% Sb, where band 
edges are much closer together, may be much greater. For instance, 
Smith's7 cyclotron resonance experiments in a BigsSbs alloy give 
effective mass components about a factor of two smaller than 
those for Bi; Kao et al.'s [Yi-Han Kao, R. L. Hartman, and R. D. 
Brown, III, Bull. Am. Phys. Soc. 9, 96 (1964)] experiments in 
Bi^Sbi alloys also indicate strong deviations from nonparabolicity. 

Since only ellipsoidal multiplicities of 1, 2, 3, 6, and 12 
are allowable by crystal symmetry,24 we can conclude 
that the number of equivalent Bi~type electron valleys 
must be three. 

It could be argued that the analysis used above, 
which is essentially based on density-of-states argu­
ments, might fail to detect other groups of electrons 
and that the agreement between the Fermi energies 
obtained from the Seebeck coefficient and the Hall 
coefficient data is somewhat coincidental. Because of 
this, we must ascertain how well the three-ellipsoid-
multivalley model fits the magnetoresistance data. 

The proposed conduction-band model consists of the 
usual set of ellipsoids each of which is centered on a 
binary axis and tilted slightly out of the basal plane. 
For such a model, the electron mobility tensor in the 
crystal axes coordinate system is 

Mi 0 0 
0 fX2 M4 

1 0 JU4 M3. 
(4) 

The ellipsoidal tilt angle 6 is given by 2/*4/(M2—Ms) 
= tan20 and is measured between the " 3 " axis of the 
tilted ellipsoid and the trigonal (3) axis of the crystal. 

Assuming the existence of intravalley scattering, 
degenerate Fermi statistics, and isotropic or weakly 
anisotropic relaxation times within each ellipsoid,11 one 
can analyze the two independent components of the 
resistivity and low-field Hall coefficient tensor. These 
terms are obtained from conductivity tensor equations 
derived independently by Freedman,25 Epstein and 
Juretschke,26 and Zitter,11 who have previously con­
sidered the galvanomagnetic effects of Sb and Bi, 
respectively. In the case of the three-ellipsoid model, 
we have 

P1 1=(2A7V)(MI+M2)-1 , 

P88=(l/eZV)(M8)-1, 

-i?p=(4/eiV)[>1M2/(Mi+M2)2], 

-R8= (l/eiV){l-[>42/(Ml+M2)M3]} • 

(5) 

The behavior of the Hall coefficient curves in Fig. 4 
are easily understood if the shape of the bands are 
similar to those in bismuth where m2>mh m% and fxh 

M3̂ >M2, M4 so t h a t 

Rs(0)~l/Ne2>Rp(0) with RP-* R8~* l/Ne 

in the high-field limit. 
The mobility tensor components /*i, /*2, and ixz are 

directly obtainable using Eq. (5) and the total electron 
concentration iV = 4.8X1017/cc as determined from R8 

in Fig. 4. These are shown in Table III. Table III also 
includes the results of similar, but somewhat approxi-

24 J. R. Drabble and R. Wolfe, Proc. Phys. Soc. (London) B69, 
1101 (1956). 

25 S. J. Freedman and H. J. Juretschke, Phys. Rev. 124, 1379 
(1961). 

26 S. Epstein and H. J. Juretschke, Phys. Rev. 129, 1148 (1963). 
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TABLE III . Transport parameters for w-type BissSbis alloys at 20°K (three-ellipsoid model). 

Sample iV/cc MI (cm2/V-sec) M2 (cm2/V-sec) M3 (cm2/V-sec) jE(eV) 

C (Te doped) (48±0.6) X1017 4.0X105 0.045X106 2.9X10* " +0.021 
A (undoped) 4.7X1015 7.7X106 0.08 X106 5.4X105 -0.002 

mate calculations for the undoped w-type sample A 
which is not degenerate at 20 °K. 

MAGNETORESISTANCE 

The low-field magnetoresistance data for the Te-
doped 15% Sb alloy are shown in Fig. 5. 

In Fig. 5 the magnetoresistance factors Ap/po are 
proportional to H2 below a few hundred gauss. The 
values of the second power magnetoresistance tensors 
Pii,ii> Pn,22, Pn,33, Pss.n, and P33.33 are given in Table IV 
where they are compared to those values computed for 
a tilted three-ellipsoid conduction band. (The same 
pattern of pii,22^Pii,ii>p33,ii>P33,ii and P33,n=5 p33,33 
is repeated in the undoped n-type sample A. However, 
since the Fermi level is below the band edge, these data 
cannot be subjected to an exact analysis.) To a first 
approximation, assuming jui>/x4, M2 on the basis of 
bismuth-like bands, these parameters are approxi­
mately as follows: 

Pn.ii—Pn.22p^(l/2ei\0M8, 

Pn,33^(2M0M2, ,_X 

(o) 

P33,ll^(l/2eiV)(M42/M3)J 

p33,33:=(lAA^)Ml(M4/M3)2~2(/Xi//>t3)p33,ll. 
As indicated by Eq. (6), p33.11 and p33,33 are basically 

KH—u——..:, fi... ,. r—; 1 
10 10* 10* I04 

MAGNETIC FIELD INTENSITY,H,IN GAUSS 

FIG. 5. Magnetoresistance factors, Ap/po versus H as measured 
on the Te-doped BigsSbis alloy from which the second-power 
magnetoresistance tensors pu,22, p33.11, Pii,33, P33.33 can be obtained. 

tilt angle terms in the tilted ellipsoidal model and dis­
agreement between the calculated27 and experimental 
values indicates that this type of a conduction-band 
model cannot account for all the magnetoresistance 
tensor components (see Table IV). 

An alternative model has been tested. This is sug­
gested by the fact that in bismuth, P3z,n^pii,22> pzz.zz.11 

The major contribution to p33.11 in bismuth is due to the 
holes that are located in an ellipsoid on the trigonal 
axis. In bismuth, P33.33 remains an electron ellipsoidal 
tilt angle term. This type of a comparison with the 
magnetoresistance tensors of bismuth suggests that the 
larger than expected magnetoresistance tensor com­
ponent P33.ii could be caused by a small number of 
electrons in an ellipsoid on the trigonal axis. The cal­
culated tensor components using this 3-1 model are 
much closer to all the experimentally observed values 
than for the three-ellipsoid model. A computer tech­
nique was used to explore some of the possible solutions 
for this model with the limitation that ju2>1000 cm2/ 
V-sec, which is a reasonable value for the elimination of 
the Hall effect anisotropy above 40 000 G. The results 
of this exploration are shown in Table IV. In Table IV 

TABLE IV. Galvanomagnetic data Te-doped Bi85Sbi6 
( r=20°K). Resistivities in Q-cmX105. Hall coefficients in cc/ 
coulomb; mobilities in cm2/(V-sec)X10*"5; magnetoresistance in 
cm5/(V-sec-coulomb) X 10~6. 

N 
pa 
P33 

-RP 
P33.33 

N*/Ni 
V\ 

vs 
-R. 

Mi 
m 
M3 

M4 

P l l , l l 
Pll.22 
Pll.33 
P33.ll 

4.8 X1017 

6.5 
4.5 
0.58 
0.06:4:0.01 

12 ± 1 

2.3 
2.4 ±0.3 
0.18 
0.30 

0 

13 
4.0 
0.044 
2.9 
0.22 
1.8 
1.8 
0.11 
0.01 

0.02 
3 ± 1 
9 ± 1 

13 
4.0 
0.02±0.005 
2.8 
0.22 
1.8 
1.8 
0.14±0.03 
0.27±0.02 

0.15±0.05 
0.5 ±0.3 
5 ± 4 

13 ± 2 
4.5 ±0.4 
0.03±0.01 
3 ± 1 
0.23 
2.0 ±0.4 
2.0 ±0.4 
0.10±0.03 
0.2 ±0.1 

a The error figures indicate the spread in measured values for six different 
samples 

27 The exact equations for the magnetoresistance tensor com­
ponents in a crystallographic coordinate system can be obtained 
from Zitter's conductivity tensor equations.11 (Zitter's exact ex­
pressions for pii,22 and p33.11 contain typographical errors. Zitter 
agrees.) 
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Model 3-1 Model 

p33.11
p33.11
p33.11
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P33.ll
p33.11
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N2 is the electron concentration in the ellipsoid on the 
trigonal axis with mobility components of v\ and *>3 and 
N\ is the concentration of the electrons in the three 
bismuth-like tilted ellipsoids. Two regions of improved 
fit were found, one region was found for a very small 
N2/N1 ratio of 0.02 and the other near a ratio of 0.15. 
The tolerance numbers include all calculations of closest 
fit. This model may suggest a means of resolving the 
discrepancy in the comparative magnitudes of p33.11 
and P33.33 which occurs when comparing the data with 
the simple three-ellipsoid model, but does not prove 
that such a band exists. A 15% reduction in the number 
of electrons in the bismuth-like ellipsoids would not 
alter our conclusion that three of these ellipsoids, and 
not six,3 exist in the conduction band. 

SUMMARY AND DISCUSSION 

A set of transport measurements has been performed 
on a series of Bi8sSbi5 alloys. These measurements 
indicate that (1) the intrinsic thermal gap of relatively 
pure undoped 15% Sb alloys is 0.024±0.003 eV; (2) 
two Te atoms must be added to the crystal to produce 
one additional electron; (3) most, if not all, of the 
electrons must reside in three tilted bismuth-like 
electron ellipsoids; (4) the three tilted electron ellipsoids 
do not adequately describe all of the magnetoresistance 
results. This suggests a need to invoke the possible 
existence of a small number of electrons in an ellipsoid 
on the trigonal axis. However, we would emphasize 
that this model does not necessarily prove the existence 
of this additional electron ellipsoid, since the uniqueness 
of such a model cannot be proved from this set of 
measurements alone. 
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APPENDIX 

Tanuma28 and Jain3 have used various semiquantita­
tive arguments to support their conclusions that Bi-Sb 
alloys become semiconducting in the concentration 
range from about 5 to 50 at. % Sb. However, one must 
be careful in ascribing the nature of curves like those 
shown in Figs. 1-3 as being due to a semiconductor with 

a forbidden gap. Such behavior could also be described 
by various semimetallic models. 

Two semimetallic models will be examined. Seebeck 
coefficient calculations based on these two models will 
be quantitatively compared with the positive and 
negative Seebeck coefficients of +250 and —260 /xV/°C 
given by the undoped p- and n-type samples between 
20 and 30°K (samples A and B of Fig. 3 and Table II) . 
Such comparisons support a semiconducting model for 
BissSbis alloys. 

Model 1. Consider the semimetallic two-band model 
shown in Fig. 6. In Fig. 6 the Seebeck coefficient ST is 
plotted versus the reduced Fermi energy, e=E/kT, for 
the case of zero overlap (EQ=0, solid curve) and a large 
overlap (EG=10kT, dashed curve), assuming acoustic 
mode scattering and that the conductivity ratio of the 
electrons and holes is o-n/ap= 60[i7i/2(e)/Fi/2(eff—e)J. 
The Seebeck coefficient is then given by 

$TZ 

- (crn/ap)Sn-{-Sp 

• W M P ) (Nn/Np)ZF1/2(e)/F1/2(eg- e)-]Sn+Sp 

l+(o-n/<rP) 

where Sn, Sp, /xn, fxPj Nn, and Np are the partial Seebeck 
coefficients,29 mobilities, and density of available states 
for the electrons and holes, respectively, and Fy2 is the 
Fermi-Dirac integral of order one-half. As is shown in 
Fig. 6, the magnitude of the negative Seebeck coeffi-

+200 

+ iooh-

MOOEL 1 

lAl-i* 
ASSUMING s ? - •- 60 c '* cX 

I I 1 I I I 
-10 -8 -6 - 4 -2 

€*E/kT 

0 +2 + 4 +6 

28 S. Tanuma, J. Phys. Soc. Japan 14, 1246 (1959); 16, 2349 
(1961); 16,2354 (1961). 

FIG. 6. Two-band semimetallic model with overlap energies, EG, 
of 0 and 10 kT, assuming nnNn/iJ,pNp = 60. 

29 See, for example, pp. 342-350 of Ref. 21. 

p33.11


E L E C T R O N S I N B i - S b A L L O Y S A 299 

cients at low temperatures given by the undoped n-type 
sample (Fig. 3) could be explained by a suitably doped 
zero band-gap model, if (/*»//**) (Nn/Np) > 60; but such 
a model cannot at the same time account for the large 
positive Seebeck coefficients given by the undoped 
^-type sample at 20°K. 

Model 2. Fig. 7 gives the results of Seebeck coefficient 
calculations based on the three-band model originally 
proposed by Jain, Blount, and Cohen3 for Bi-Sb alloys 
containing about 5% Sb. In this case, the electron and 
a heavy hole minima are at the same position in energy 
and a light hole band is spaced below the electron 
minima at a position near that given by recent magneto-
optical measurements of the optical gap in Bi (0.01 to 
0.02 eV, see Table I). In this case, the Seebeck co­
efficient is given by 

— ((Tn/(THH)Sn-\-SHH-)r ((TLH/CTHH)SLH 
ST— •, 

1 + (o'n/orHH)+ ((TLH/O'HH) 
where 

<Tn/<rHn=MZFyt(e)/Fm(-e)l, 

VLii/o-HH^MZFi^i— e0— e)/Fi/2(— e ) ] 
a n d 

Mn Nn jdLH N LH 
M= = , 

V>HH NHH f*HH NHH 

where /*# HH,LH, NHH, NLH are the mobilities and density 
of states of the heavy- and light-hole bands, respectively, 
and eo=Eo/kT is the reduced optical gap. The solid 
curve in Fig. 7 gives the Seebeck coefficient versus e for 
this model with M = 100 and eo= 6. Different eo's and/or 
smaller M's diminish the absolute value of the positive 
and negative Seebeck coefficients. The dashed curve in 
Fig. 7 shows the results when i f =20 and eo=8. These 
results indicate that such a model could produce 
Seebeck coefficients comparable in value to those ob­
served in Fig. 3 if M> 100. We must now consider what 
the maximum allowable M is in the Bi-Sb alloy system 
and/or whether such a model could exist for BigsSbis 
alloys. 

In Bi the largest mobility ratio is for the trigonal 
components of the electron and hole mobility tensors. 
At 80 and 300°K, Abeles and Meiboom30 obtained a 

*>B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956). 

MODEL 2 

I I I 1 I 1 I I I 
10 -8 -6 -4 -2 0 + 2 M +6 

€=E/kT 

FIG. 7. Three-band semimetallic model with EQ=0, but an 
optical gap EQ between the electron and light-hole minima. Solid 
curve for M = 100, £ 0 = 6 kT, and dashed curve for M=-20, £ 0 = 8 
kT where M = (M»//*M) {NJNHH) = (JILH/PHB) (NLH/NHH). 

value of about 10, but Zitter11 deduced a value of 30 
for this ratio at 4°K. The effective mass ratios at the 
Fermi surface, as determined by cyclotron resonance 
experiments, is mHH/fnno^3y and the electron-to-heavy-
hole valley multiplicity ratio is 3. In Bi, therefore, the 
ratio (nn/nHii) (NU/NHH) is at most about 20. Even if 
one takes into account the factor of two reduction in 
electron effective mass for electrons at the bottom of the 
valley,7,9 M is at most about 40 since fxnNnccmr5l2m312. 
It seems unlikely then that in Bi-Sb alloys M> 100. We 
must, therefore, conclude that within the limitations of 
the models examined and the purity of the samples 
investigated, BissSbis alloys are real semiconductors. 
In fact, the original semiconductor model proposed by 
Jain, Blount, and Cohen3 for Bi-Sb alloys containing 
between approximately 10 and 30 at. % Sb may be 
qualitatively correct. 


